Abstract: Dispersion engineering of microresonators is very important for applications, such as optical comb generation which desires wideband flat and small dispersion. In this paper, dispersion investigation has been carried out for whispering gallery mode (WGM) microresonators fabricated by laser micromachining. The dispersion properties of WGM microresonators fabricated by CO 2 and femtosecond lasers have been comprehensively studied by finite element method for different geometries. Significantly flattened dispersion curves have been obtained for both microresonators fabricated by CO 2 laser and femtosecond laser with optimized geometries. The belt-like resonator fabricated by femtosecond laser has better flattened small dispersion which is only between 0 and 4 ps/(nm· km) within the wavelength range from 1300 to 1800 nm, comparable to that of a zero dispersion flattened fiber. The results are of great significance for guiding the WGM microresonator fabrication for optical comb generation applications.
Introduction
Capable of confining light efficiently in very small volumes, ultrahigh quality factor (Q factor) can be easily obtained by whispering gallery mode (WGM) microresonators [1] . A powerful platform can be provided by WGM microresonators for various photonic applications including high speed optical communications, spectroscopies, optical clock, gyroscope, optical sensing and so on [2] - [9] . WGM microresonators have been fabricated in various methods, such as chemical etching, mechanical polishing, arc discharge and laser micromachining, depending on the different requirements of those different applications and different materials [10] - [12] . Although chemical etching is very successful due to its high precision, high efficiency and full compatibility with conventional semiconductor processing platform, it fails to support the fabrication of flexible microstructures and materials. Mechanical polishing allows precision engineering of the microresonator's geometry. However, the fabrication procedure usually costs several hours. Since the fabrication method by arc discharge is based on the heating of a slightly pressurized capillary, the fabricated geometry can not be well customized. Fortunately, in the past few years, laser micromachining has been well developed and is able to compensate for the deficiency of chemical etching as an alternative fabrication approach for certain WGM microresonator structures and materials [13] . Moreover, the fabrication procedure is exceedingly fast and only takes a few minutes.
When fabricating a WGM microresonator, apart from those very important parameters like quality factor, free spectral range (FSR), finesse and mode volume, resonator dispersion plays a key role especially for optical frequency comb generation during the nonlinear interaction [14] , [15] . In a dispersive microresonator, the mismatch between the microresonator longitudinal modes limits the nonlinear interaction efficiency and thus hinders the broadband optical comb generation [16] . It is highly desired to fabricate the WGM microresonator with flexible and customized structures so that the dispersion can also be tailored to satisfy requirements of various applications, for example, ultralow and wideband flat dispersion for highly efficient optical comb generation [17] . The dispersion engineering for the WGM microresonator fabricated by chemical etching has been well investigated by K. J. Vahala et al. and significantly improved performance has been demonstrated [18] . Therefore, the dispersion properties of WGM microresonators fabricated by laser micromachining would be of great importance since larger Q factor can be easier obtained for a variety of structures and materials [19] , [20] . The objective of this study is to investigate the dispersion engineering for WGM microresonators fabricated by laser micromachining so as to guide the WGM microresonator design and fabrication.
In this paper, we carried out dispersion investigation based on finite element method (FEM) for different WGM microresonators fabricated by CO 2 and femtosecond laser micromachining with various structures [21] . Significantly flattened dispersion curves have been obtained for both microresonators fabricated by CO 2 laser and femtosecond laser with optimized geometries. Very small and wideband flat dispersion between 0 to 4 ps/(nm· km) within the wavelength range from 1300 to 1800 nm has been obtained for the designed belt-like resonator with wedge slots fabricated by femtosecond laser.
Proposed Laser Micromachining Fabrication
A very standard laser micromachining setup is schematically shown in Fig. 1 . WGM microresonators can be fabricated by CO 2 /femtosecond laser micromachining with glass rods or tubes. Usually, fused quartz tubes have lower OH concentration (as low as 1 ppm) and thus have smaller attenuation compared with that of quartz rods. Thus, we choose fused quartz tube for investigation in this study. The mechanisms of laser micromachining of CO 2 laser and femtosecond laser are quite different, which leads to different fabrication capabilities for different structures. When a CO 2 laser is used as the processing laser, the corresponding fabricated resonator has such a structure as shown in Fig. 2(a) . The actual WGM microresonator is shaped by cutting two rings into the fused quartz tube. The remaining part between the two rings confines the optical field whispering gallery modes. The curvature of the side walls of the microresonator can be controlled by adjusting the position of the CO 2 laser focus and the distance between the two rings. Control of this curvature is of great importance to control the position of the resonant frequencies and the dispersion of the microtube resonator. The CO 2 laser focus position can be easily adjusted by moving the aspheric lens. The machining process can automatically terminate when it reaches a point where insufficient energy is absorbed by the fused quartz tubes for deeper cutting. Some more anneal is needed at the end of the process to make the side walls smoother. Due to surface tension, the surface of a WGM microresonator can be very smooth for having a low scattering loss and ultrahigh Q factor [22] .
Not like CO 2 laser, femtosecond laser with ultrashort pulse width usually has very high temporal peak power within a very small space, and thus can support more precise control of the structure during laser micromachining fabrication of the WGM microresonators. Therefore, a variety of WGM microresonators with flexible control of the structure can be expected by femtosecond laser micromachining [23] , such as the belt resonator as shown in Fig. 2(b) . One can control the microresonator dispersion by changing the width and height of the belt section with improved freedom.
WGM Microresonator Dispersion Flattening

Modal Calculation of Dispersion
Shown in Figs. 3 and 4 are the fundamental optical modes (calculated by finite element method at 1550 nm wavelength) in the WGM microresonators fabricated by CO 2 and femtosecond laser micromachining, respectively. Since the only directly accessible parameter of a passive optical microresonator is the mode spectrum, it is straightforward to translate the position of the resonance frequencies to the dispersion parameters. For every mth resonance frequency of the same mode family in a microresonator with the diameter of R , the variation of FSR ( F SR) and the group velocity dispersion (GVD) parameter D G VD are defined respectively as [24] :
where ν l is the resonance frequency of a WGM microresonator with the integer mode number l, and v l is the FSR of the microresonator. The numerical calculations were implemented using the COMSOL multiphysics package. Microresonator dispersion was calculated via an iterative approach, including both material and geometric dispersion [24] .
CO 2 Laser Micromachining
The parameters that one can control when fabricating a WGM microresonator by CO 2 laser micromachining is its outside diameter, side wall curvature radius and wall thickness. By adjusting those parameters, different dispersion properties can be obtained. Therefore, one has to reveal the secrets of the WGM microresonator dispersion with respect to those geometric parameters in order to flexibly tailor its dispersion curve. Shown in Figs. 5 to 7 are the numerical calculation results based on finite element method.
From Fig. 5(a) , we can see that the F SR curve becomes flattened along with the increase of diameter. The maximum F SR is smaller than 60 kHz for the 3-mm diameter microresonator and smaller than 20 kHz for the 6-mm diameter microresonator in the whole calculation spectrum range from 1000 nm to 2000 nm. However, since the group velocity dispersion parameter D G VD is also inversely proportional to the cube of FSR, the D G VD curve behaves quite different compared with F SR curve and it does not become obviously flattened along with increasing diameter, just as shown in Fig. 5(b) .
As for the side wall curvature radius, it can be observed that the overall tendencies of the dispersion curves are completely consistent for different curvature radii as shown in Fig. 6 . From the insets, one can still find that the dispersion curve also moves slightly to the longer wavelength side as the side wall curvature radius increases. Similar to the side wall curvature radius, the overall tendencies of the dispersion curves of the microresonators with different wall thickness are also completely consistent, as shown in Fig. 7 . The insets show that the dispersion curve also shifts slightly as the wall thickness varies, but without a certain direction.
While such a microresonator fabricated by CO 2 laser micromachining can provide an ultrahigh Q factor, the numerical calculations above show that it is not easy to flatten the dispersion curves of a microresonator with such a structure that is fabricated by CO 2 laser micromachining. Besides, due to the practical limit of the CO 2 laser micromachining, it would be very difficult to precisely control the surface. In order to improve the control of a microresonator's structure for dispersion engineering, we also investigated WGM microresonators fabricated by femtosecond laser micromachining with different geometries.
Femtosecond Laser Micromachining
As shown in Fig. 2(b) , a belt-shape WGM microresonator can be fabricated by femtosecond laser micromachining and its dispersion can be controlled by varying the width and height of the belt. Fig. 8 shows the belt resonator dispersion control via controlling the belt structure. For the dispersion curves in Fig. 8(a) , the belt width w is fixed at 5 μm, and the height h varies from 5 to 8 μm. We can see that the belt resonator with a height of 7 μm has a relatively flattened dispersion curve. Then we fix the height at 7 μm, and change the width. Just as shown in Fig. 8(b) , we find that the belt resonator with a width of 6 μm has a relatively flattened and reduced overall dispersion, particularly within the wavelength range from 1250 to 1750 nm.
As indicated in the above results, the dispersion is usually large at the long wavelength side. On the other hand, due to geometric dispersion, the optical modes are closer to the microresonator axis at longer wavelengths. To further suppress the dispersion at the long wavelength side, we designed a belt-like resonator with wedge slots. Such a microresonator can be shaped by cutting two wedge slots symmetrically into the bottom of a belt resonator fabricated by femtosecond laser micromachining as shown in Fig. 9 . Then, the dispersion can be further controlled by tailoring the wedge structure, such as the parameters of h 1 , h 2 , w 1 and w 2 .
With the two wedge slots symmetrically cut into the bottom of the belt resonator, the designed belt-like resonator has a better confined fundamental mode profile as shown in Fig. 9(c) . The belt-like resonator structure can further flatten the dispersion as depicted in Fig. 10 . Compared to Fig. 11 . Comparison of the dispersion between a tube resonator with a structure that can be fabricated by CO 2 laser micromachining and a belt-like resonator that can be fabricated by femtosecond laser micromachining.
the dispersion of the belt resonator, we can see that the belt-like resonator's dispersion is indeed suppressed efficiently at long wavelengths. In the belt-like resonator, the F SR is between 0 to 2.1 kHz for the wavelength between 1300 to 1750 nm. And the group velocity dispersion is between 0 to 4 ps/(nm· km) for the wavelength between 1300 to 1800 nm, which is already comparable to that of a zero dispersion flattened fiber (e.g. −1.0 to +1.5 ps/(nm· km) for HNLF Zero-Slope Highly Non-Linear Fiber from OFS).
Since the cross-section size of the belt/belt-like resonator has the same order of magnitude as the wavelength, the dispersion curve is sensitive to the edge size of the microresonator. Taking the belt-like resonator above for example, extra more simulations show that the dispersion curve for the wavelength around 1700 nm shifts towards the negative side as the wedge slot becomes larger.
Comparison
We compared the dispersion of the belt-like resonator fabricated by femtosecond laser micromachining to that of the microresonator fabricated by CO 2 laser micromachining. As shown in Fig. 11 , the dispersion curve of the belt-like resonator has been better flattened obviously, especially for the wavelength between 1300 to 1800 nm. The wideband flattened dispersion, with very small dispersion value that is comparable to zero dispersion flattened fiber, is of great benefit to improve the efficiency for broadband optical frequency comb generation.
Conclusion
As a conclusion, we investigated the dispersion properties of WGM microresonators fabricated by CO 2 /femtosecond laser micromachining based on FEM simulations in order to engineer the dispersion curve for obtaining a wideband flat and small dispersion curve. We find out that the belt and belt-like resonators that can be fabricated by femtosecond laser micromachining have a much stronger control of dispersion. By specially designing a wedge slot geometry for the beltlike resonator, we obtained a wideband flat dispersion curve with very small dispersion value of only about 0 to 4 ps/(nm· km) within the wavelength range from 1300 to 1800 nm, comparable to that of a zero dispersion flattened fiber. The results are of great significance for guiding the WGM microresonator fabrication for optical comb generation applications.
